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CALORIMETRIC TEST OF PURITY I. 

ANALYSIS OF DESCRIPTIONS OF THE MELTING CURVE 
dH 
d T  vs. T 
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(Received September 2, 1980) 

Relationships of various levels for the thermodynamical description of two-compo- 
nent eutectic systems have been investigated. It has been established that the van't 
Hoff relationship describes the melting curve dH vs. T with satisfactory accuracy, 
but for its practical application a modification of the mathematical character, maintain- 
ing the physical content of the equation, is needed. The interpretation and the mode of 
application of the modified equation are given. 

Symbols 

1 
2 
R 
T 

AHi 
A H  o 

AC o, 

xi 

fi 
F 
W 
Ah 

Index, symbol of the main component 
Index, symbol of the impurity 
Gas constant, J/mol K 
Equilibrium temperature of the system, K 
Melting point of the i-th pure component, K 
Change in enthalpy of fusion of the i-th pure component, J/mol 
Change in enthalpy of fusion of the i-th pure component at the melt in 
point, J/mol 
Difference of specific heat in the solid and molten states of the i-th pure 
component at the melting point, J/mol K 
Molar fraction of the i-th component in the melt phase 
Total molar fraction of the i-th component in the system 
Activity coefficient of the i-th component in the melt phase 
Molten fraction, mol/mol 
Interaction energy between the two components J/mol 
Change in enthalpy of fusion of the sample investigated up to temperature 
T,J 
Quantity of sample investigated, tool 

One of the important fields of application of the thermoanalytical methods 
QDTA and DSC, that is suitable for the quantitative measurement of the enthalpy 
change, is the purity determination based on the melting point depression phenom- 
enon. 
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The pertinent literature and our own experimental experience directed our atten- 
tion to the fact that practical application of the procedure suffers from several 
problems. For example, a survey of the literature reveals results with an improbably 
high accuracy, while on the other hand according to some reports only the order 
of magnitude of the impurity content can be established. 

Papers published recently in this field consider that the problems stem from the 
simplifications used in the relationships describing the phenomenon, and also from 
experimental shortcomings. 

This induced us to investigate the problem in a complex way, from several as- 
pects. 

The results are reported in two communications. Our present paper deals with 
the theoretical approach and partly with the problems of evaluation, while the 
next paper discusses the problems of the measuring techniques and data-processing. 

Literature on the theoretical basis of the purity test 

In an isobaric melting process, the thermodynamic equilibrium of a two-compo- 
nent, eutectic system is described by the following relationship: 

T -R--~z- d - d In (~x,) (1) 

where A H~ is a function of temperature, and a function of temperature and compo- 
sition. 

From this relationship, the van't Hoff equation described in the literature and 
used in practice is obtained under the following assumptions: 

I. A H  t = A H  ~ 

II. f t = l .  

Substituting these into (1) and forming its integral function from Tx constant to T 
variable, we obtain: 

A H ~ r l  - r 
= - In xx (2) 

R T~T 

Applying the following simplifications: 

Eq. (2) is transformed into: 

IlL - I n  x, = x~ 

IV. T1T  = r ~  

RTI' 
Tl  --  T = x2 A H ~ .  t3) 
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Using the material balance valid for simple eutectics, the van't Hol t  equation is 
obtained: 

Y2 RT~ 
T ~ -  T -  F A H ~ (4) 

Transposing the van't Hoff equation and differentiating with respect to tempera- 
ture, the relationship describing the melting curve is obtained: 

d H  o dF  T~ 
- A H I ~  = X2R (T 1 T) 2 dT _ . (5) 

The above derivation can also be found in the literature [1 ]. It must be mentioned 
in connection with the derivation [l, 2] that the simplifications made may cause 
such large differences from the actual situation that the van't Hoff equation is un- 
suitable for the description of the phenomenon from beginning to end. 

Hence, the establishment and analysis of  a relationship containing less limita- 
tions is needed. Equations of this kind have been published by Marti [1 ] and Kawa- 
lec [3]. Marti took the dependence of AHI on the temperature, and Kawalec that 
off~ on the composition into consideration. 

In our present work, with the simultaneous use of these two approximations, 
we derive a more general model &the  melting curve and compare it with that given 
by (5). 

Formulation of the equation of the melting curve 

Let us start from the relationships which take the dependence of AH1 on tem- 
perature as of first order, and the dependence off1 on temperature and composition 
as the regularly assumed one: 

AH1 = aH~ + aC~ T0 
Wx~ 

f l  = e RT 

(6) 

Substituting the above two equations into (1): 

a H ~  + AC~ - r l )  
RT 2 

( w ~  )} 
d T =  d i n  eRW (1 -- X2 �9 (7) 

Expanding the right-hand side of the expression: 

AH ~ + A C ~  T1) 

R T  ~ 
d T = d l n / e  RT + d l n ( 1  - -  x 2 ) ) .  (8)  
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Melting point 
AH o 

AC o 

Benzamide 

400 K 

20 400 J/mol 

52 J/mol K 

Phenaeetin 

407 K 
32 300 J/mol 

55 J/mol K 

Eutec t i c  p o i n t :  372 K,  60.6 % benzamide .  

From the consideration that: 

Wx~ Wxaa d T  d in  e RT _ 2WX2dx2+ 
-- R T  R T  2 

dx~ (9) 
d i n ( 1  - x ~ ) =  

1 - x 2  " 

We may substitute (9) into (8) and reduce the expression, the equation describing 
the phase diagram thereby being obtained: 

AH~ + AC~ - TO + Wx~ d T  = ( 2Wx~ 1 i 
d x  2 . (10) 

R T  2 ( R-T 1 -- x~ ) 

The correctness of (10) has been checked on the system phenacetin-henzamide, 
data on which have often been reported in the literature. The data needed for the 
calculations were taken from [1, 4]. 

The value of the interaction energy W was established by trials aimed at the best 
approximation of the calculated and the theoretical eutectic points (Fig. 1). A value 
of about 400 J/tool was found for W. In addition to Eq. (10), the material balance 
valid for simple eutectics and the expression of the change of enthalpy of melting 
of two-component regular mixtures is also needed for the calculation of the melt- 
ing curve: 

2r 2 F - (11) 
X2 

aLrl,2 = A H  ~ + - 7"1) + Wx . (12)  

From the available Eqs (10), (11) and (12), in contrast with earlier [5], the 
dH 
d-T vs. T curve was calculated with the algorithm in the Appendix. This was then 

compared with the curve calculated with Eq. (5). 
The results are shown in Figs 2 and 3. 
Our experiments indicate that whether working with dynamic or with stepwise 

techniques, the uncertainty in the measured results is considerably more determin- 
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ing than  the differences between the two models  are equivalent  f rom the prac t ica l  
po in t  o f  view, but  Eq. (5) is more  advantageous ,  because  it is easier  to  handle .  

Moreover ,  our  exper iments  showed tha t  the above  uncer ta in ty  is o f  pa r t i cu la r  
impor t ance  in the ini t ia l  sect ion o f  melt ing.  The reason  for  this  is tha t  the s lope of 
the mel t ing curve, which is a carr ier  of  useful  in format ion ,  is very small ,  and  its 
value can be changed substant ia l ly  by  a low noise. 

In  our  fur ther  work  a da ta -process ing  me thod  will be descr ibed which does  not  
require  a knowledge  o f  the  whole mel t ing range ;  the sect ion o f  the  curve with  a 
greater  slope, i.e. with a bet ter  signal/noise ra t ion ,  is sufficient. 

t 

A 

~ Z'O0 I 

37C 

0 012 0 z, 06 0 8 1.0 

X benzamide 

Fig. 1. Phase diagram of the system phenacetin-benzamide calculated on the basis of differential 
equation (10). Points marked with a circle are data in the literature of the pure substances and 

of the eutectic mixture 

& & 
1 XFA = 0.002 ~ 1 ] ~ ~  

390 392 394 396 398 I~ OI ~ 3901 , 3921 i 3941 i 3961 , 3981 _ 
Teml~erQture ~ K Temperature ,K 

Fig. 2. Differences between the equations describing the melting curve of phenacetin at 
dH dH 

different benzamide impurities. Y = d~ ' calculated with the algorithm ; Z = ~ ,  calculated 

on the basis of Eq. (5) 
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XBA=O.O02 

L 
396 398 400 &O2 404 &06 

Temperature ~ K 

XSA=0.02 

I "~ I , I ~ I , I , 
396 398 400 402 4Or, 

Ternperoture , K 

Fig. 3. Differences between the equations describing the melting curve of benzamide at different 
dH dH 

phenacetin impurities. Y = ~ ,  calculated with the algorithm; Z = ~ ,  calculated on the 

basis of Eq. (5) 

P r o c e s s  f o r  e v a l u a t i o n  o f  t h e  e x p e r i m e n t a l  r e s u l t s  o f  t h e  p u r i t y  t e s t  

First, Eq. (4) is transformed: 
1 

7"1 -- T = E2RT 2 AH~F (13) 

where A H ~  is the change in enthalpy up to temperature T for 1 mole of the sub- 
stance. This can be related to the change in enthalpy of the sample in the following 
way: 

A H ~  = Zh/n .  (14) 

Substituting (14) into (13), we obtain: 
n 

T 1 - -  T = Jf2RT21 Ah"  (15) 

Let us now interpret our process with the aid of Fig. 4. Let T s be the temperature 
at which the slope of the melting curve rises above the increment arising from noise. 
The fundamental idea of the determination of Ts is as follows. It is known that the 
melting curve (5) and its derivatives are strictly monotonously increasing functions 
of temperature. Accordingly, the derivative of  the continuous curve measured 
with the dynamic technique and the differences of the peak areas measured with 
the stepwise technique must also increase strictly monotonously. 

Thus, experimental data are analyzed first from this aspect, Ts is indicated where 
the strictly monotonous increase is already true. Let Z be the theoretical enthalpy 
change before ~ ,  and qS(T) the enthalpy change measured between T~ and T 
arising from melting. Thus: 

Zh = X + q~(T). (16) 
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Is 
Tern 

/ 
)erature 

Fig. 4. Explanatory figure for the evaluation of the melting curve 

Substituting (16) into (15), we have: 

T1 - T = ~RT~ n (17) 
z + ~ ( T )  " 

In this equation Tt, Z and :c2 are unknown, and we have the related q~(T) and T 
experimental data. The unknown values can be estimated by the least squares 
method : 

min ~ [ T l -  Ti-x2nRT2 1 ] '2. 
,,T,,x~ ~ Z + c~(Ti) 

The search for the minimum by iteration with respect to Z can easily be perform- 
ed on a computer. In our next paper an example of the application of the process 
will be given. 
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RI~SUMI~ -- On a examin6 diverses corr61ations pour d6crire des syst6mes eutectiques ~. deux 
dH 

composants. On a 6tabli que la relation de van't  Hoff d6crit la courbe de fusion - -  -- Tavec 
dT 

une exactitude satisfaisante. Cependant, son application pratique exige une modification de 
caract6re math6matique mais celle-ci ne porte pas sur le contenu physique de l'6quation. 
On donne l'interpr6tation et le mode d'application de l 'equation modifi6e. 
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ZUSAMMENFASSUNG -- Verschiedene Zusammenhiinge zur thermodynamischen Beschreibung 
eutektischer Zweikomponentensysteme wurden untersucht. Es wurde festgestellt, dab der 

d H  
van't  Hoff-sche Zusammenhang die Schmelzkurve - d T -  T mit befriedigender Genauigkeit 

beschreibt, dab jedoch ihre praktische Anwendung eine Abiinderung mathematischen Charak- 
ters beniStigt, wobei der physikalische Inhalt der Gleichung erbalten bleibt. Deutung und 
Anwendtmgsmethode der modifizierten Gleichung werden angegeben. 

Pe3ioMe - -  HCCHe~OBaH/zI B3aItMOCB~/3H pa3J/H~HOFO ypoBH~l ~Y/JI TepMo~ttHaMla~lecKoro O/mca- 
HHII jIByXKOMIIOHeHTHI~IX 3BTeKTItqeCKItX CHCTeM. ~ffCTaHOBYIeHO, qTO COOTHOIIIeHHC B a a r - -  

d H  
F o ~ a  c y~OBYlCTBOpHTeJIbHO~ TOqHOCTbIO omtcl,IBaeT KpHBylO HYIaBYleHH$I - - ~  -- T, HO ~ 

npaKTaqecKoro ]IpHMeHeHHg Tpe6yeTcN BIL~OH3MeHeHHe ero MaTeMaTHtlCCKOFO xapaKrepa, 
r IIpH 3TOM OH311tlCcKoe co~ep~KaHHe ypaBHeHI~. I-Ipe~CTaBJICHa HHTepI ' IpeT~ H 
MeTO~ IIpHMeHeHH~I 9TOFO BHJIOH3MeHeHHOFO ypaBHeHH~, 

APPENDIX 

T = T 1  and x 2 = O  [ 

[ x 2 = x 2 + d x  1" 

I ealculation of dT using (10) [ 

T =  T +  dT [ 

T yes 

on tho basis of (11) r(x~) and (FCx,-- dx,) [ 

I on the basis of (12) AH1,2 and AH,,~(x2. dx2, T-- dT) [ 

dH = AHl.z(xv T) " F(x2) -- AH1,2(x2 -- dx~, T -  dT) " F(x2 -- dx~) [ 

$ 
X > Xend ~_.. no 

l yes 

I 
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